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THE DYNAMICS OF SEMIGROUPS OF TRANSCENDENTAL ENTIRE
FUNCTIONS I
DINESH KUMAR AND SANJAY KUMAR
Abstract. We consider the dynamics associated with an arbitrary semigroup of tran-
scendental entire functions. Fatou-Julia theory is used to investigate the dynamics of these
semigroups. Several results of the dynamics associated with iteration of a transcendental
entire function have been extended to transcendental semigroup case. We also investigate
the dynamics of conjugate semigroups, abelian transcendental semigroups and wandering
and Baker domains of transcendental semigroups.
1. Introduction
A natural extension of the dynamics associated to the iteration of a complex function
is the dynamics of composite of two or more such functions and this leads to the realm of
semigroups of transcendental entire functions. In this direction the seminal work was done
by Hinkkanen and Martin [11] related to semigroups of rational functions. In their paper,
Hinkkanen and Martin extended the classical theory of the dynamics associated to the
iteration of a rational function of one complex variable to the more general setting of an
arbitrary semigroup of rational functions. Many of the results were extended to semigroup
of transcendental entire functions by Poon [18], Zhigang [22] and Huang and Cheng [14].
A transcendental semigroup G is a semigroup generated by a family of transcendental
entire function {f1, f2, . . .} with the semigroup operation being functional composition.
We denote the semigroup by G = [f1, f2, . . .]. Thus each g ∈ G is a transcendental entire
function and G is closed under composition. For an introduction to iteration theory of
entire functions, see [6].
A family F of meromorphic functions is normal in a domain D ⊂ C if every sequence
in F has a subsequence which converges locally uniformly in D to a meromorphic function
or to the constant ∞. The set of normality or the Fatou set F (G) of a transcendental
semigroup G, is the largest open subset of C on which the family of functions in G is
normal. Thus z0 ∈ F (G) if it has a neighborhood U on which the family {g : g ∈ G} is
normal. The Julia set J(G) of G is the complement of F (G), that is J(G) = C˜\F (G). The
semigroup generated by a single function g is denoted by [g]. In this case we denote F ([f ])
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by F (f) and J([f ]) by J(f) which are the respective Fatou set and Julia set in the classical
Fatou-Julia theory of iteration of a single transcendental entire function. The dynamics of
a semigroup is more complicated than those of a single function. Some of the properties
in the classical dynamics do not get preserved in the semigroup case. For instance F (G)
and J(G) need not be completely invariant and J(G) may not be the entire complex
plane C even if J(G) has an interior point, see [11]. In this paper we have generalised the
dynamics of a transcendental entire function on its Fatou set to the dynamics of semigroup
of transcendental entire functions. Furthermore the dynamics of conjugate semigroups,
abelian transcendental semigroups and wandering and Baker domains of transcendental
semigroups have also been investigated.
2. Results from dynamics of one transcendental entire function
In this section we are listing the results of complex dynamics of a transcendental entire
function which we wish to extend in the context of transcendental semigroup. For n ∈ N
let fn denote the n-th iterate of f.
Theorem 2.1. [2, Theorem 3.1] Let f be a transcendental entire function and U be a
multiply connected component of F (f). Then
(1) fn →∞ locally uniformly on U ;
(2) Suppose γ is a Jordan curve that is not contractible in U. Then distance between
fn(γ) and 0 is large for all sufficiently large n. Also ind0 f
n(γ) > 0 for all suffi-
ciently large n and ind0 f
n(γ)→∞ as n→∞, (where indζ γ denotes the index of
a curve γ ⊂ C with respect to a point ζ).
Theorem 2.2. [2, Corollary] Let f be a transcendental entire function which is bounded
on some curve Γ going to ∞. Then all the components of F (f) are simply connected.
Theorem 2.3. [1, Theorem 1] Let f be a transcendental entire function.Then every un-
bounded component of F (f) is simply connected.
Theorem 2.4. [1, Corollary] Let f be a transcendental entire function. If F (f) has an
unbounded component U, then all components of F (f) are simply connected.
Theorem 2.5. [3, Lemma 6] For any transcendental entire function f, any doubly con-
nected component of F (f) does not contain critical points of f.
As an application of Picard’s theorem and Theorem 2.4 one obtains the following result:
Theorem 2.6. [1, p. 278] Let f be a transcendental entire function and U ⊂ F (f) be a
completely invariant domain. Then
(1) U is unbounded;
(2) all components of F (f) are simply connected.
Now we state an extensively cited result of Baker concerning multiply connected domains
of normality:
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Theorem 2.7. [2] Let f be a transcendental entire function. Then a multiply connected
component of F (f) is bounded and wandering, and hence a pre-periodic component of F (f)
must be simply connected.
From the classification of periodic components of F (g) of a transcendental meromorphic
function g, see [4, Theorem 2.2 (iv)] we have: If D ⊂ F (g) is a periodic component of
period say m, then D is a Herman ring if it is doubly connected and there exist an analytic
homeomorphism ψ : D → A, where A is an annulus A = {z : 1 < |z| < r}, r > 1, such
that ψ ◦ gm ◦ ψ−1(z) = e2 pi i αz for some α ∈ R \Q. As an application of Theorem 2.7, one
obtains the following result:
Theorem 2.8. [12, p. 65] If f is a transcendental entire function, then F (f) does not
contain Herman rings.
The proofs of these results can be found in Baker [1–3], and Hua and Yang [12]. In [15]
using approximation theory of entire functions, the authors have shown the existence of
entire functions f and g having infinite number of domains satisfying various properties
and relating it to their composition. They explored and enlarged all the maximum possible
ways of the solution in comparison to the past result worked out. It would be interesting
to explore such relations for transcendental semigroup G and its constituent elements.
3. Classification of periodic components and definitions
This section contains the classification of periodic components of F (G) for a transcenden-
tal semigroup G in analogy to the work of Hinkkanen and Martin, [11] on the classification
of periodic components of F (G′) for a rational semigroup G′. We give the classification of
the dynamics of a transcendental semigroup G on an invariant component V of F (G).
Let G be a transcendental semigroup and let U be a component of the Fatou set F (G) of
G. Denote by Ug the component of F (G) containing g(U). Define the stabilizer of U to
be GU = {g ∈ G : Ug = U}. If GU is non-empty we say U is a stable basin for G. Given a
stable basin U for G, it is
(i) attracting if U is a subdomain of an attracting basin of each g ∈ GU ;
(ii) superattracting if U is a subdomain of a superattracting basin of each g ∈ GU ;
(iii) parabolic if U is a subdomain of a parabolic basin of each g ∈ GU ;
(iv) Siegel if U is a subdomain of a Siegel disk of each g ∈ GU ;
(v) Baker if U is a subdomain of a Baker domain of each g ∈ GU .
It should be noted that in the classical case a stable basin is one of the above types. We
now propose a definition:
Definition 3.1. IfG is a transcendental semigroup and U is a multiply connected component
of F (G), define
G˜U = {g ∈ G : F (g) has a multiply connected component U˜g ⊃ U}.
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Observe that G˜U is non empty (see the argument in the proof of Theorem 4.5). G˜U need
not be a subsemigroup of G and so we consider the subsemigroup generated by G˜U and
throughout the paper denote it by G˜U itself. Then F (G) ⊂ F (G˜U); in general equality
may not hold, and it is interesting to know if U can be a proper subset of a component of
F (G˜U).
We next give some examples of transcendental semigroup G whose Fatou set F (G) is
non empty:
Example 3.2. Let G = [ez+λ, ez+λ+2pii], where λ ≤ −1. It can be seen that F (ez+λ) =
F (ez+λ+2pii) as (ez+λ+2pii)n = (ez+λ)n+2pii for each n ∈ N. Let g = ez+λ. Observe
that for p, q, r, s ∈ N, gp ◦ (g + 2pii)q = gp+q and (g+ 2pii)r ◦ gs = gr+s+ 2pii. Then for any
f ∈ G, either f equals gk, for some k ∈ N, or f = gm + 2pii, for some m ∈ N. In either of
the cases, F (g) = F (f) and hence F (G) = F (ez + λ) 6= ∅, [20].
Example 3.3. Let G = [λ sin z, λ sin z + 2pi] where 0 < |λ| < 1, F (λ sin z) 6= ∅, [9, Theorem
1]. On similar lines to above example, it can be seen that ∅ 6= F (λ sin z) = F (λ sin z+2pi) =
F (G), and hence F (G) 6= ∅.
The following definitions are well known in transcendental semigroup theory:
Definition 3.4. Let G be a transcendental semigroup. A set W is forward invariant under
G if g(W ) ⊂ W for all g ∈ G and W is backward invariant under G if g−1(W ) = {w ∈
C : g(w) ∈ W} ⊂ W for all g ∈ G. W is called completely invariant under G if it is both
forward and backward invariant under G.
It is easily seen for a transcendental semigroup G, F (G) is forward invariant and J(G)
is backward invariant, see [18, Theorem 2.1].
Definition 3.5. A component U of F (G) is called a wandering domain of G if the set
{Ug : g ∈ G} is infinite (where as usual Ug is the component of F (G) containing g(U)).
Otherwise U is called a pre-periodic component of F (G).
We now propose a natural definition of boundedness of a semigroup on a set which will
be needed later on:
Definition 3.6. A transcendental semigroup G = [f1, f2, . . .] is said to be bounded on a set
A if all the generators in G are bounded on A.
Recall that w ∈ C is a critical value of a transcendental entire function f if there exist
some w0 ∈ C with f(w0) = w and f
′(w0) = 0. Here w0 is called a critical point of f. The
image of a critical point of f is critical value of f. Also recall that ζ ∈ C is an asymptotic
value of a transcendental entire function f if there exist a curve Γ tending to infinity such
that f(z) → ζ as z → ∞ along Γ. We now introduce definitions of critical point, critical
value and asymptotic value of a transcendental semigroup G:
Definition 3.7. A point z0 ∈ C is called a critical point of G if it is a critical point of some
g ∈ G. A point w ∈ C is called a critical value of G if it is a critical value of some g ∈ G.
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Definition 3.8. A point w ∈ C is called an asymptotic value of G if it is an asymptotic
value of some g ∈ G.
4. Theorems and their proofs
We now give the generalisation of the results from classical theory of dynamics associ-
ated with the iteration of a transcendental entire function mentioned in Section 2, to the
semigroup of transcendental entire functions. For a multiply connected component U of
F (G), recall Definition 3.1 of the subsemigroup G˜U of G.
Theorem 4.1. Let G be a transcendental semigroup and U a multiply connected component
of F (G). Then for all g ∈ G˜U
(1) gn →∞ locally uniformly on U ;
(2) Suppose γ is a Jordan curve that is not contractible in U. Then distance between
gn(γ) and 0 is large for all sufficiently large n. Also ind0 g
n(γ) > 0 for all sufficiently
large n and ind0 g
n(γ)→∞ as n→∞, (where indζ γ denotes the index of a curve
γ ⊂ C with respect to a point ζ).
Proof. (1) We have F (G) ⊂ F (g) for all g ∈ G. For g ∈ G˜U , let U˜g be a multiply
connected component of F (g) containing U. From Theorem 2.1, gn → ∞ locally
uniformly on U˜g, and hence on U .
(2) Let γ be a Jordan curve that is not contractible in U. As gn → ∞ locally uni-
formly on U and γ is a compact subset of U, so the distance between gn(γ) and
0 is sufficiently large as n → ∞. Assume there is a subsequence {nk} for which
ind0 g
nk(γ) = 0. Then gnk does not have zeros inside γ, for if gnk(z0) = 0, for some
z0 inside γ, we have 0 = g
nk(z0) lies inside g
nk(γ), a contradiction to ind0 g
nk(γ) = 0.
By the minimum principle, gnk → ∞ inside γ, which is not possible as inside γ
there are points of J(g), and hence ind0 g
n(γ) > 0 for n sufficiently large. Also as
distance of gn(γ) from 0 approaches ∞ as n → ∞, we have ind0 g
n(γ) → ∞ as
n→∞. 
Recall Definition 3.6 of boundedness of a semigroup on a set.
Theorem 4.2. Let G be a transcendental semigroup which is bounded on some curve Γ
going to ∞. Then all components of F (G) are simply connected.
Proof. For all g ∈ G, g(Γ) is bounded and so from Theorem 2.2, all components of F (g)
are simply connected. If U is a multiply connected component of F (G) then for all g ∈
G˜U , F (g) has a multiply connected component U˜g ⊃ U which is a contradiction and hence
the result. 
Theorem 4.3. Let G be a transcendental semigroup.Then the following holds:
(i) Every unbounded component of F (G) is simply connected;
(ii) If F (G) has an unbounded component V, then all components of F (G) are simply
connected;
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(iii) Any doubly connected component U of F (G) does not contain critical points of G˜U ;
(iv) If U ⊂ F (G) is a domain which is completely invariant under some g0 ∈ G, then
U is unbounded and all components of F (G) are simply connected.
Proof. (i) If F (G) has an unbounded multiply connected component U, then for all
g ∈ G˜U , F (g) will have a multiply connected component U˜g ⊃ U. But then U is
contained in an unbounded component of F (g) for all g ∈ G˜U , and so by Theorem
2.3, all components of F (g) are simply connected for all g ∈ G˜U . Thus we arrive
at a contradiction and hence the result.
(ii) As V ⊂ F (g) for all g ∈ G, there exist for each g ∈ G an unbounded component V ′g
of F (g) with V ⊂ V ′g . By Theorem 2.4, all components of F (g) are simply connected
for all g ∈ G. It is now evident if F (G) has a multiply connected component then
we arrive at a contradiction and hence the result.
(iii) As U is a doubly connected component of F (G), so U is contained in a doubly
connected component U˜g of F (g) for g ∈ G˜U . From Theorem 2.5, U˜g does not
contain critical points of g for each g ∈ G˜U and so does U .
(iv) U ⊂ F (G) ⊂ F (g0), U is completely invariant under g0 and so is unbounded by
Theorem 2.6. There exist a component say U ′ of F (G) which contains the un-
bounded domain U and so is itself unbounded. By Theorem 4.3(ii), all components
of F (G) are simply connected. 
Theorem 2.7 has been generalised to the semigroup case by Zhigang [22]. Here we give
another proof of Zhigang’s result. We will need the following lemma:
Lemma 4.4. [18, Theorem 4.2] If G is a transcendental semigroup, then J(G) =
⋃
g∈G J(g).
Theorem 4.5. Let G be a transcendental semigroup. Then a multiply connected component
of F (G) is bounded and wandering, and hence a pre-periodic component of F (G) must be
simply connected.
Proof. Suppose V ⊂ F (G) is a multiply connected component. Then from Theorem 4.3(i),
V is bounded. Let γ ⊂ V be a curve which is not contractible in V and whose interior
contains points of J(G). We now show the existence of a g ∈ G such that J(g) intersects
the bounded interior portion of γ. Denote the bounded interior portion of γ by γ1. Let
ζ0 ∈ J(G) ∩ γ1. Then from Lemma 4.4, there is a sequence {gj} in G such that there
are points ζj ∈ J(gj) with ζj → ζ0. We now pick a gj0 from this sequence {gj}. As
γ ⊂ V ⊂ F (gj0) and γ1 ∩ J(gj0) 6= ∅, γ is not contractible with respect to F (gj0) and so
the component U˜gj0 of F (gj0) which contains V is multiply connected. From Theorem 2.7,
{U˜gj0 , gj0
n : n ∈ N} is infinite, and thus V is a wandering domain of G. 
As a consequence of above theorem we have the following corollary:
Corollary 4.6. If G is a transcendental semigroup, then F (G) does not contain Herman
rings.
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5. Finitely generated transcendental semigroups
We now consider finitely generated transcendental semigroups. A semigroup G =
[g1, . . . , gn] generated by finitely many functions is called finitely generated. Furthermore
if gi and gj are permutable, that is gi ◦ gj = gj ◦ gi, for all 1 ≤ i, j ≤ n, then G is
called finitely generated abelian transcendental semigroup. Poon [18], investigated some
properties of abelian transcendental semigroups and wandering domains of transcendental
semigroups. Recall the Eremenko-Lyubich class
B = {f : C→ C transcendental entire : Sing(f−1) is bounded},
(where Sing(f−1) is the set of critical values and asymptotic values of f and their finite
limit points). Each f ∈ B is said to be of bounded type. A transcendental entire function f
is of finite type if Sing f−1 is a finite set. Furthermore if the transcendental entire functions
f and g are of bounded type then so is f ◦ g as Sing ((f ◦ g)−1) ⊂ Sing f−1∪ f(Sing(g−1)),
see [8]. We now state a result of Baker which we generalise to the semigroup case:
Theorem 5.1. [2, Lemma 4.4] If f and g are transcendental entire functions and if ∞
is not a limit function of any subsequence of (fn) in a component of F (f), nor of a
subsequence of (gn) in a component of F (g), then F (f) = F (g).
Before we generalise this result, we prove a lemma:
Lemma 5.2. Let f and g be two transcendental entire functions satisfying f ◦ g = g ◦ f.
Then F (f ◦ g) ⊂ F (f) ∩ F (g).
Proof. In [8], it was shown that z ∈ F (f ◦ g) if and only if f(z) ∈ F (g ◦ f). Since f ◦ g =
g ◦ f, F (f ◦ g) is completely invariant under f and by symmetry, under g respectively
and so in particular it is forward invariant under them. So f(F (f ◦ g)) ⊂ F (f ◦ g) and
g(F (f ◦ g)) ⊂ F (f ◦ g), which by Montel’s Normality Criterion implies F (f ◦ g) ⊂ F (f)
and F (f ◦ g) ⊂ F (g) and hence the result. 
Theorem 5.3. Let G = [g1, . . . , gn] be a finitely generated abelian transcendental semi-
group. If ∞ is not a limit function of any subsequence in G in a component of F (G), then
F (G) = F (g) for all g ∈ G.
Proof. From Theorem 5.1, F (gi) = F (gj) for 1 ≤ i, j ≤ n. Using permutability of each
gi, any g ∈ G can be represented as g = g
l1
1 ◦ · · · ◦ g
ln
n . Also g permutes with each gi.
Using Lemma 5.2, ∞ is not a limit function of any subsequence of (gn) in a component
of F (g), and hence on applying Theorem 5.1 again we get F (g) = F (gi) for each i. Hence
F (G) = F (g) for all g ∈ G. 
We now state a result of Poon concerning finitely generated abelian transcendental
semigroup in which the generators are of finite type:
Theorem 5.4. [18, Theorem 5.1] If G = [g1, . . . , gn] is a finitely generated abelian tran-
scendental semigroup in which each gi, i = 1, . . . , n is of finite type, then F (G) = F (g) for
all g ∈ G.
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Remark 5.5. Even if G is a non abelian transcendental semigroup, we can have F (G) =
F (g) for all g ∈ G. This has been shown in Example 3.2.
Remark 5.6. Theorem 5.4 can be generalised to a finitely generated abelian transcendental
semigroup G in which each of the generators are of bounded type.
We will need the following lemma:
Lemma 5.7. [8] If f and g are transcendental entire functions of bounded type then so is
f ◦ g.
We next prove another lemma:
Lemma 5.8. If f and g are transcendental entire functions of bounded type with f ◦ g =
g ◦ f, then F (f) = F (g).
Proof. As f and g are of bounded type, the forward orbits of points in F (f) and F (g)
do not tend to ∞ under f and g respectively, see [10, Theorem 1]. Combining this with
Theorem 5.1, one gets F (f) = F (g). 
Theorem 5.9. For a finitely generated abelian transcendental semigroup G = [g1, . . . , gn]
in which each gi, i = 1, . . . , n is of bounded type, F (G) = F (g) for all g ∈ G.
Proof. For each i, j, 1 ≤ i, j ≤ n, gi and gj are permutable. From Lemma 5.8, F (gi) =
F (gj). Also using the permutability of each gi, any g ∈ G can be represented as g =
gl11 ◦· · ·◦g
ln
n and using Lemma 5.7 repeatedly one gets g is of bounded type. Also g permutes
with each gi and hence on applying Lemma 5.8 again, we get F (g) = F (gi), 1 ≤ i ≤ n.
Hence we conclude that F (G) = F (g) for all g ∈ G. 
It is well known see [10, Proposition 3], if f ∈ B then all the components of F (f) are
simply connected. This follows from Theorem 2.1 and the fact that if f is a transcendental
entire function of class B, then the forward orbit of points in F (f) does not approach ∞,
see [10, Theorem 1]. This result gets generalised to semigroup case:
Theorem 5.10. Let G = [g1, . . . , gn] be a finitely generated transcendental semigroup
in which each generator is of bounded type. Then all components of F (G) are simply
connected.
Proof. From Lemma 5.7, each g ∈ G is of bounded type. If U ⊂ F (G) is a multiply
connected component, then for each g ∈ G˜U , U ⊂ U˜g where U˜g is a multiply connected
component of F (g). From above observation, for all g ∈ G, all components of F (g) are
simply connected and thus we arrive at a contradiction and hence the result. 
For two permutable transcendental entire functions f and g with F (f) = F (g), if W is
a component of F (f), then will W be a component of F (g) of the same class. This was a
problem posed by Baker which has an affirmative answer when f and g are of finite type,
see [21].
SEMIGROUPS OF TRANSCENDENTAL FUNCTIONS 9
Theorem 5.11. [21] Let f and g be permutable transcendental entire functions of finite
type. If W is a superattractive stable domain, an attractive stable domain, a parabolic
stable domain or a Siegel disk of f, then W is also a superattractive stable domain, an
attractive stable domain, a parabolic stable domain or a Siegel disk of g, respectively.
The given result can be generalised to a finitely generated abelian transcendental semi-
group G in which each of the generators are of finite type.
Theorem 5.12. Let G = [g1, . . . , gn] be an abelian transcendental semigroup in which
each gi, i = 1, . . . , n is of finite type. If U ⊂ F (G) is a superattractive stable domain, an
attractive stable domain, a parabolic stable domain or a Siegel disk of G, then U is also a
a superattractive stable domain, an attractive stable domain, a parabolic stable domain or
a Siegel disk of g respectively, for all g ∈ G.
Proof. Observe that if U ⊂ F (G) is a stable basin, then G = GU . From classification of
periodic components of F (G) in Section 3, U is a stable basin of F (g) of the same type for
each g ∈ GU = G and hence the result. 
The following result provides a condition under which F (f) of a transcendental entire
function f does not contain any asymptotic values of f :
Theorem 5.13. [12, p. 72] If f is a transcendental entire function whose stable domains
are bounded, then F (f) does not contain any asymptotic values of f.
We now provide a condition under which F (G) of a transcendental semigroup G does
not contain any asymptotic values of G.
Theorem 5.14. Let G = [g1, . . . , gn] be an abelian transcendental semigroup. If all stable
domains of F (gi), 1 ≤ i ≤ n, are bounded, then F (G) does not contain any asymptotic
values of G.
Proof. From Lemma 5.2, all stable domains of F (g) are bounded for all g ∈ G. Let z0 ∈
F (G) be an asymptotic value of G. Then z0 ∈ F (g) for all g ∈ G. From Definition 3.8, z0
is an asymptotic value of some g ∈ G and thus we arrive at a contradiction by Theorem
5.13 and hence the result. 
We now study conjugate semigroups. Recall two entire functions f and g are conjugate
if there exist a conformal map φ : C→ C with φ◦f = g◦φ. By a conformal map φ : C→ C
we mean an analytic and univalent map of the complex plane C.
Definition 5.15. Two finitely generated semigroups G and G′ are said to be conjugate
under a conformal map φ : C→ C if
(1) they have same number of generators,
(2) corresponding generators are conjugate under φ.
IfG = [g1, . . . , gn], we represent the conjugate semigroupG
′ ofG byG′ = [φ◦g1◦φ
−1, . . . , φ◦
gn ◦ φ
−1], where φ : C → C is the conjugating map. Furthermore if G is abelian and each
of its generators gi, 1 ≤ i ≤ n, is of finite type, then so is G
′.
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If f and g are two rational functions which are conjugate under some Mobius transfor-
mation φ : C˜ → C˜, then it is well known [5, p. 50], φ(F (f)) = F (g). We now show the
dynamics of G and G′ are similar for a finitely generated abelian transcendental semigroup
in which each generator is of finite type. We will use Theorem 5.4.
Theorem 5.16. Let G = [g1, . . . , gn] be a finitely generated abelian transcendental semi-
group in which each gi, 1 ≤ i ≤ n is of finite type and let G
′ = [φ◦g1◦φ
−1, . . . , φ◦gn◦φ
−1] be
the conjugate semigroup, where φ : C→ C is the conjugating map. Then φ(F (G)) = F (G′).
Proof. Denote for each i, 1 ≤ i ≤ n, φ◦gi◦φ
−1 by g′i. From Theorem 5.4, F (G) = F (gi), 1 ≤
i ≤ n. Also as G′ is abelian and each of its generators is of finite type, on applying Theorem
5.4 again we have φ(F (gi)) = F (g
′
i), 1 ≤ i ≤ n. Thus
φ(F (G)) = φ(F (gi))
= F (g′i)
= F (G′). 
Remark 5.17. The above theorem can be generalised to a finitely generated abelian tran-
scendental semigroup G in which each of the generators are of bounded type.
As a consequence of Theorems 5.4 and 5.12 the following corollary is immediate:
Theorem 5.18. Suppose G = [g1, . . . , gn] is a finitely generated abelian transcendental
semigroup in which each gi, 1 ≤ i ≤ n is of finite type. Then G has no wandering domains.
To prove the next result we will need the following lemma:
Lemma 5.19. [10] If f is a transcendental entire function of bounded type, then f has no
Baker domains.
Theorem 5.20. Suppose G = [g1, . . . , gn] is a finitely generated transcendental semigroup
in which each gi, 1 ≤ i ≤ n is of bounded type. Then G has no Baker domains.
Proof. Suppose U ⊂ F (G) is a Baker domain. From classification of periodic components
of F (G) in Section 3, for all g ∈ GU , U is a subdomain of a Baker domain contained in
F (g). As each g ∈ G is of bounded type, by Lemma 5.19, F (g) has no Baker domains and
so we arrive at a contradiction and hence the result. 
We now provide a condition under which F (G) of a finitely generated transcendental
semigroup G in which each of the generators are of bounded type, contains no wandering
domains of G. For any set E, by E ′ we denote the set of finite limit points of E. We will
need the following results:
Theorem 5.21. [14, Theorem 1] Let G be a finitely generated transcendental semigroup.
If U is a wandering domain of G, then any limit function of G on U is either ∞, or lies
in J(G) ∩ (∪f∈G Singf
−1)′.
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Theorem 5.22. [14, Theorem 3] Let G be a finitely generated transcendental semigroup
in which each generator is of bounded type. Then for all z ∈ F (G), there does not exist
any sequence {gn} in G for which gn(z)→∞ as n→∞.
Theorem 5.23. Suppose G = [g1, . . . , gn] is a finitely generated transcendental semigroup
in which each gi, 1 ≤ i ≤ n is of bounded type. If J(G) ∩ (∪f∈G Singf
−1)′ = ∅, then G has
no wandering domains.
Proof. If D ⊂ F (G) is a wandering domain of G, then from Theorem 5.21, any limit
function of G on D is either ∞, or lies in J(G) ∩ (∪f∈G Singf
−1)′. From Theorem 5.22,
the limit functions cannot be ∞, and hence all the limit functions are contained in J(G)∩
(∪f∈G Singf
−1)′ = ∅, which is a contradiction and hence the result. 
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